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4.2 Matrices 119
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Figure 4.2. The conic associated to a positive-definite symmetric matrix

In fact, (restricting to dimension two for simplicity) the equation

1
2
(λ1y

2
1 + λ2y

2
2) = c , i.e.,

y2
1(

2c/λ1

) +
y2
2(

2c/λ2

) = 1

defines an ellipse in canonical form with semi-axes of length
√
2c/λ1 and

√
2c/λ2

in the coordinates (y1, y2) associated to the eigenvectors v1, v2. In the original
coordinates (x1, x2) the ellipse is rotated in the directions of v1, v2 (Fig. 4.2).

Equation (4.17) implies easily

Q(x) ≥ λ∗
2
‖x‖2 , ∀x ∈ R

n , (4.18)

where λ∗ = min
1≤k≤n

λk. In fact,

Q(x) ≥ λ∗
2

n∑
k=1

y2
k =

λ∗
2
‖y‖2

and ‖y‖2 = ‖P T x‖2 = xT PP T x = xT x = ‖x‖2 as P is orthogonal.

Example 4.1

Take the symmetric matrix of order 2

A =

(
4 α

α 2

)

with α a real parameter. Solving the characteristic equation det(A − λI) =
(4− λ)(2− λ)− α2 = 0, we find the eigenvalues:

λ1 = 3−
√
1 + α2 , λ2 = 3 +

√
1 + α2 > 0 .

Then
|α| < 2

√
2 ⇒ λ1 > 0 ⇒ A positive definite ,

|α| = 2
√
2 ⇒ λ1 = 0 ⇒ A positive semi-definite ,

|α| > 2
√
2 ⇒ λ1 < 0 ⇒ A indefinite . �
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